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Abstract. We consider a quantum impurity immersed in a dipolar Bose Einstein
condensate and study the properties of the emerging polaron. We calculate
the energy, effective mass and quasi-particle residue of the dipolar polaron and
investigate their behaviour with respect to the strength of zero-range contact
and a long-range dipolar interactions among the condensate atoms and with the
impurity. While quantum fluctuations in the case of pure contact interactions
typically lead to an increase of the polaron energy, dipole-dipole interactions are
shown to cause a sign reversal. The described signatures of dipolar interactions are
shown to be observable with current experimental capabilities based on quantum
gases of atoms with large magnetic dipole moments such as Erbium or Dysprosium
condensates.
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1. Introduction
The influence of an impurity onto its surrounding
represents a paradigmatic problem in many-body
physics, and, for example, plays a vital role for
the transport properties of semiconductors [1, 2,
3], molecular spectra in superfluid helium [4, 5,
6] or superconductivity [7, 8, 9]. Central to the
understanding of these phenomena is the concept a
quasi-particle – the polaron, which emerges from the
interaction between the impurity and its environment.
Since introduced by Landau and Pekar more than
80 years ago [10, 11], the rich behaviour of polarons
continues to play an important role in physics, both
theoretically and experimentally. The ability to control
interactions in ultracold atomic quantum gases now
makes it possible to investigate quantum impurity
problems with unprecedented detail and accuracy.
Indeed substantial theoretical [12, 13, 14, 15, 16, 17, 18,
19, 20, 21, 22, 23, 24, 25, 26, 27] and experimental [28,
29, 30, 31, 32, 33, 34] efforts have been directed towards
understanding the physics of polarons in cold gases
composed of Fermionic but also Bosonic atoms. Yet,
only recently experiments succeeded [35, 36] to probe
the properties of the Bose polaron for a wide range
of interactions, extending from the weak-coupling into
the strong-coupling regime [37]. Central to all of these
experimental breakthroughs is the ability to employ
atomic Feshbach resonances [38] for tuning the effective
strength of collisional zero-range interactions.
At the same time, the exploration of finite-range
interactions has been another recent frontier in cold
atom research. Currently, cold gases of polar molecules
[39, 40, 41], highly excited Rydberg atoms [42, 43]
as well as magnetic ground state atoms [44, 45,
46, 47, 48, 49, 50] are among the most promising
systems and under active investigation. Since the first
successful Bose Einstein condensation of chromium
atoms in [44] more recent experiments with erbium and
dysprosium atoms make it now possible to observe the
profound effects of strong dipole-dipole interactions in
Bosonic quantum gases. This includes the spontaneous
formation of meta-stable spatial patterns [49, 51, 52],
the generation of quantum droplets [53, 54, 55, 56]
and the observation of the roton-maxon mode of the
collective excitations of an axially elongated dipolar
condensate [50].
Motivated by these recent experimental advances
we study here the properties of the dipolar Bose
polaron. In contrast to previous work [57] on
anisotropy effects in three-dimensional condensates,
here we consider quasi two-dimensional geometries and
investigate how the roton-maxon excitation spectrum
as well as dipolar impurity interactions affect the
ground state properties of the emerging polaron.
The article is organized as follows. In section
2 we introduce the considered system and outline
its theoretical treatment in terms of the Fro¨hlich
model which describes the system in the limit of
weak interactions. Its perturbative solution and the
resulting polaron ground state energy are determined
in section 3, followed by a discussion of the associated
quas-particle residue and the effective mass of the
polaron. Implications of our calculations for potential
experiments and future perspectives are discussed in
sections 4 and 5.
2. The system and its effective Hamiltonian
We consider an impurity of mass mI immersed in
a dipolar Bose-Einstein condensate of particles with
mass mB . The interaction VB between the condensate
atoms and the impurity-boson interaction VI can both
be written as
Vµ(R) = g
(c)
µ δ(R) +
g
(d)
µ
4pi |R|3
[
1− 3 z
2
|R|2
]
, (1)
where the index µ = I,B refers to either the impurity
(I) or the condensate atoms (B). The first term in
equation (1) accounts for zero-range collisions that
can be described by an effective contact interaction
potential with a strength g
(c)
B = 4pi~2a
(c)
B /mB and
g
(c)
I = 2pi~2a
(c)
I /mr, respectively, and where δ(R)
denotes the Dirac delta function of the interatomic
distance vector R. Moreover, a
(c)
B and a
(c)
I are
the respective s-wave scattering lengths and mr =
mBmI/(mB + mI) is the reduced mass. The second
term in equation (1) describes the dipole-dipole
interaction with respective dipolar coupling strengths
g
(d)
B = 12pi~2a
(d)
B /mB and g
(d)
I = 6pi~2a
(d)
I /mr,
expressed in terms of the boson-boson and impurity-
boson dipolar lengths a
(d)
B and a
(d)
I , respectively [58].
Since the partially attractive nature of the dipole-
dipole interaction can cause condensate collapse [59],
we focus here on a stable two-dimensional geometry
with strong particle confinement in one direction (z-
axis) and polarized dipoles along the same axis. For
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Figure 1. (color online). (a) Dispersion relation, ωk, of the
quasi two-dimensional dipolar Bose Einstein condensate with
ν = 1, a dimensionless density of n = 125, a dimensionless
dipolar length of a
(d)
B = 0.007 and different zero-range scattering
lengths of a
(c)
B = 4a
(d)
B (blue line), a
(c)
B = a
(d)
B (red line),
a
(c)
B = 0.45a
(d)
B (orange line), and a
(c)
B = 0.405a
(d)
B (black line).
Roton softening occurs in the latter case. Panels (b)-(d) show
the effective impurity-condensate interaction, Wk [cf. eqs.(5)
and (6)], for these parameters using the same color coding. The
impurity scattering length is a
(c)
I = a
(c)
B , while the different
panels show results for different impurity dipolar lengths a
(d)
I = 0
(b), a
(d)
I = a
(c)
I (c), and a
(d)
I = 2a
(c)
I (d). The figure shows
dimensionless quantities, where energies and lengths are scaled
by ~2/(mBd2) and d/
√
2, respectively.
strong harmonic confinement one can consider a static
Gaussian density profile ρ(z) = (pid2)−1/2 exp
(
− z2d2
)
,
along the z-axis in order to derive an effective two-
dimensional Hamiltonian [60] that describes the system
dynamics in the two-dimensional plane r = (x, y).
Upon scaling energies by ~
2
mBd2
and lengths by d/
√
2,
the effective Hamiltonian of the system can be written
as
Hˆ = − ν∇2rI −
∫
drΦˆ†(r)∇2rΦˆ(r)
+
1
2
∫
drdr′Φˆ†(r)Φˆ†(r′)UB(r′ − r)Φˆ(r′)Φˆ(r)
+
∫
drΦˆ†(r)UI (|r− rI |) Φˆ(r), (2)
where ν = mB/mI is the mass ratio for the condensate
Figure 2. (a) Second order contribution to the polaron
energy, E
(2)
0 , describing the leading order effects of quantum
fluctuations, as a function of the dimensionless impurity
scattering length a
(c)
I for a condensate density with ν = 1,
n = 125, a dipolar length a
(d)
B = 0.007 of the condensate atoms
and a dipolar length a
(d)
I = a
(c)
I of the impurity. The different
lines show results for different values of a
(c)
B = 4a
(d)
B (blue line),
a
(c)
B = a
(d)
B (red line), and a
(c)
B = 0.45a
(d)
B (orange line). Panel
(b) shows E
(2)
0 as a function of a
(c)
B for a
(c)
I = 0.02 (solid line),
a
(c)
I = 0.04 (dashed line), and a
(c)
I = 0.06 (dotted line). The
figure shows dimensionless quantities, where energies and lengths
are scaled by ~2/(mBd2) and d/
√
2, respectively. The gray
region represents the value for which the bosonic dispersion of
the dipolar Bose gas has imaginary phononic modes which drives
the system into collapse.
atoms and the impurity, and rI denotes the position
of the impurity. Considering only a single impurity,
we treat the impurity in first quantization, while
the condensate is described in second quantisation in
terms of the bosonic creation operators Φˆ†(r) for the
condensate atoms. The effective interaction potentials
UB(r) and UI(r) are readily obtained from equation (1)
by integrating over the assumed transverse Gaussian
density profile [60]. The result is particularly simple in
momentum space representation
Uµ(k) = 2
√
pi(1 +mµ/mB)
[
a¯(c)µ + 3a¯
(d)
µ f(k)
]
, (3)
where f(k) =
[
2
3 −
√
pikek
2
erfc(k)
]
, a¯
(c)
µ and a¯
(d)
µ
denote the dimensionless scattering lengths and dipolar
lengths in units of d/
√
2.
We proceed by applying Bogoliubov theory to
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describe the Bose Einstein condensate in terms of
its macroscopically occupied ground state, with the
two-dimensional particle density n, and Bogoliubov
excitations created by the associated bosonic operators
αˆ†k. In the limit of weak interactions this brings
equation (2) into the Fro¨hlich-Bogoliubov form [61],
Hˆ ≈ Hˆ0 + Hˆint, where
Hˆ0 = −ν∇2r +
∑
k
ωkαˆ
†
kαˆk. (4)
is determined by the dispersion ωk = k
√
k2 + 2nUB(k)
of the Bogoliubov excitations. The resulting interac-
tion Hamiltonian
Hˆint = Emf +
√
n
L
∑
k
Wke
−ik·rI
(
αˆk + αˆ
†
−k
)
. (5)
contains a constant mean field energy Emf = 2
√
pi(1 +
ν)(a
(c)
I + 2a
(d)
I )n and the effective impurity-boson
interaction
Wk = (1 + ν)
√
8pi
√
k2
ωk
(
a
(c)
I + 3a
(d)
I f(k)
)
. (6)
While the presence of the roton minimum in the
dispersion spectrum tends to enhance the effects of
quantum fluctuations, the Bogoliubov approximation
remains valid as long as the value of the roton
minimum exceeds
√
128pi2n2
(
a
(c)
B
)3
[62]. Moreover,
the interacting Hamiltonian (5), corresponding to
the Fro¨hlich model, neglects higher order terms in
the mode operators αˆk, which provides a good
approximation in the weak interaction limit [18]
considered in this work.
The characteristic shape of the effective inter-
action potential is shown in figure 1. In the ab-
sence of dipole-dipole interactions Wk monotonously
approaches a constant, (1 +ν)
√
8pia
(c)
I , while the mod-
ified dispersion relation of dipolar condensates can in-
duce a maximum or minimum of Wk but does not af-
fect its asymptotic value. A dipolar impurity, however,
can render the effective interaction sign-indefinite and
lead to negative asymptotic interactions, W (k →∞) =
(1 + ν)
√
8pi
(
a
(c)
I − a(d)I
)
. Note that such behaviour is
also responsible for the emergence of roton excitations
in dipolar condensates, which where recently observed
in Er condensates [50]. In the present case, the prop-
erties of dipolar Bose polarons are determined by both
the emergence of roton-type condensate excitations as
well as the dipolar impurity interactions.
3. Calculation of the polaron energy
Since the Fro¨hlich model for the Bose polaron
constitutes a weak-coupling theory it suffices to
perform a perturbative expansion to leading order in
the impurity interaction strengths. The total state
of the system, |P, 0〉 = |P〉|0〉, in the absence of
interactions describes the impurity with momentum
P and the condensate groundstate |0〉 containing
no excitations. The interaction with the impurity
couples the ground state to an excited state 1k
with a single occupied Bogoliubov mode and a total
energy E
(0)
k = ν(P− k)2 + ωk, accounting for
momentum conservation. Therefore the first order
energy correction, E(1) = 〈P, 0|Hˆint|P, 0〉 = Emf
simply corresponds to the mean field energy shift
defined above, while the second order contribution
follows from
E(2)(P) =
∑
k6=0
|〈P− k, 1k|Hˆint|P, 0〉|2
E
(0)
n − E(0)k
=
n
(2pi)2
∫ |Wk|2dk
νP 2 − ν (P− k)2 − ωk
. (7)
Upon expanding this expression to second order in P,
one can read off the shift
E
(2)
0 = −
n
2pi
∫ ∞
0
dk
k |Wk|2
νk2 + ωk
. (8)
of the polaron energy along with the correction to the
effective impurity mass due to the formation of its
surrounding screening cloud.
As in the case of pure contact interactions, the
energy correction displays an ultraviolet divergence,
that is usually dealt with through a renormalization
procedure [63] or by introducing an upper momentum
cutoff [23]. In the present situation however,
the integral becomes convergent for strong dipolar
interactions a
(d)
I = a
(c)
I . In this case the short
range part of the dipolar interaction precisely cancels
the collisional interaction such that Wk→∞ = 0,
thus ensuring the convergence of the integral in
equation (8).
Figure 2(a) shows the polaron energy E
(2)
0 as a
function of the scattering length of the condensate
atoms for different values of a
(c)
I . In contrast to the
case of pure contact interactions, quantum fluctuations
yield a negative contribution, E
(2)
0 < 0, to the
total energy. Moreover, we see that their effect gets
strongly enhanced close to the roton softening. This
enhancement results from the generation of roton
excitations with momenta around krot [cf. figure 1(a)]
whose energy cost decreases rapidly close to the roton
instability of the condensate. This is seen more directly
when considering the energy as a function of a
(c)
B
as shown in figure 2(b). Indeed, the energy shift
increases rapidly close to the critical value for the
roton instability. A similar behaviour can be found
with respect to the condensate density as shown in
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Figure 3. Second order contribution to the polaron energy,
E
(2)
0 , as a function of the dimensionless density n for ν = 1,
a dipolar length a
(d)
B = 0.007 of the condensate atoms, and a
dipolar length a
(d)
I = a
(c)
I = 0.02 of the impurity. The different
lines show results for different values of a
(c)
B = 4a
(d)
B (blue line),
a
(c)
B = a
(d)
B (red line), and a
(c)
B = 0.45a
(d)
B (orange line). The
figure shows dimensionless quantities, where energies and lengths
are scaled by ~2/(mBd2) and d/
√
2, respectively.
figure 3, where the energy shift grows rapidly and
eventually diverges around the critical density for roton
softening. As a result, one can effectively enter the
strong impurity-coupling regime, despite having weak
impurity interactions.
4. Effective polaron mass and quasi-particle
residue
Two additional important quantities characterize the
major properties of the Bose polaron, namely its
effective mass m? and its quasiparticle residue Z. As
discussed above, the effective mass, m? of the dipolar
polaron can be obtained directly from expanding
equation (7) for small impurity momenta and is given
by
m?
mI
= 1 +
2n
pi
∫
dkk3
|Wk|2
(νk2 + ωk)
3 . (9)
This equation describes the increase of the effective
mass of the polaron relative to the bare impurity mass
due to the formation of a screening cloud around the
impurity which inevitably reduces its mobility. As a
result the effective mass monotonously increases with
the magnitude of the scattering length in the case of
pure contact interactions for both positive and negative
values of a
(c)
I [18]. Closely related to this behavior is
the quasiparticle residue Z which describes the fraction
of the bare impurity state that is contained in the state
of the polaron. A stronger screening or dressing by
the surrounding condensate may therefore be expected
to cause a decreasing residue just as it leads to an
increasing effective mass. The quasi-particle residue
is readily obtained from the polaron wavefunction and
Figure 4. The effective mass of the polaron as a function of
a
(c)
I for ν = 1, a density n = 125 and a scattering length
a
(c)
B = 0.0035 of the condensate atoms. The different lines
are for dipolar lengths a
(d)
B = a
(d)
I = 0 (dashed line) and
a
(d)
B = a
(d)
I = 0.007 (solid line). The figure shows dimensionless
quantities, where energies and lengths are scaled by ~2/(mBd2)
and d/
√
2, respectively.
is given by
√
Z = 1− n
4pi
∫
dk
k|Wk|2
(νk2 + ωk)
2 (10)
to leading order in the impurity interaction. The
parabolic dependence of the effective polaron mass on
the scattering length a
(c)
I in the absence of dipolar
interactions is shown in figure 4. Dipole interactions,
on the other hand, shift the minimum to finite values
of a
(c)
I . Being also determined by the screening of the
impurity, the quasi-particle residue shows qualitatively
similar behaviour, i.e. a shift of its maximum to finite
values of the scattering length a
(c)
I .
However, the position, a˜
(c)
I of the extrema of
the quasi-particle residue and the effective mass differ
appreciably, as shown in figure 5. While the extrema
in both cases result from a partial cancellation of
the competing effects of the zero-range interaction
and the finite range dipole-dipole interactions between
the impurity and the condensate atoms, m? and
√
Z
are affected differently by this compensation, leading
to the different values of a˜
(c)
I for the effective mass
and quasi-particle residue, respectively. Interestingly,
this can lead to the unusual situation where stronger
dressing of the impurity due to an increasing scattering
length a
(c)
I causes its quasi-particle residue to drop,
while at the same time leading to a decreasing effective
mass of the polaron, as shown in figure 6. In order to
ensure the applicability of the Fro¨hlich model and the
validity of the perturbative treatment we have chosen
parameters for which m?/m − 1 and Z − 1 remain
small. Yet, the found characteristic effects of dipolar
interactions are expected to persist qualitatively and
lead to a further enhancement of the effective mass for
stronger impurity interactions.
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Figure 5. Position a˜
(c)
I of the minimum of the effective
mass (solid line) as indicated in figure 4 as a function of
a
(c)
B and otherwise identical parameters. The dashed line
shows the position of the minimum with respect to the quasi-
particle residue Z. The figure shows dimensionless quantities,
where energies and lengths are scaled by ~2/(mBd2) and d/
√
2,
respectively.
5. Relation to experiments
We finally discuss prospects for observing the described
signatures of dipole-dipole interactions in future
polaron experiments. The most promising candidates
to date are Bose Einstein condensates of Erbium and
Dysprosium atoms which feature large magnetic dipole
moments and have been studied in a number of recent
experiments [49, 51, 52, 53, 54, 55, 56, 50]. Here, the
0.004 0.0045 0.005
2.5×10-4
3.0×10-4
3.5×10-4
4.0×10-4
2.5×10-4
3.0×10-4
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m
?
/m
I
 
1
1 
p
Z
a
(c)
I
Figure 6. Effective mass (blue line) and quasi-particle residue
(red line) of the polaron as a function of the impurity scattering
length a
(c)
I . The remaining parameters are ν = 1, n = 125,
a
(d)
B = a
(d)
I = 0.007, and a
(c)
B = 2a
(d)
B . The figure shows
dimensionless quantities, where energies and lengths are scaled
by ~2/(mBd2) and d/
√
2, respectively.
generation and subsequent probing of impurities would
be possible by optical or microwave coupling to another
hyperfine state as recently demonstrated in potassium
Bose Einstein condensates [35]. Alternatively, one
could employ different atomic species or different
isotopes as employed in recent polaron experiments
with mixtures of potassium and rubidium atoms [36].
In fact, Bose-Einstein condensation of 160Dy [47],
162Dy [48] and 164Dy [53] has been achieved in a
number of recent experiments. Dy condensates feature
a dipolar interaction length of 132a0, where a0 is the
Bohr radius. For a typical thickness of d/
√
2 = 1µm of
the quasi two-dimensional condensate [64] this yields
a dimensionless scattering length of a
(d)
B = 0.007,
as used in the calculations above. Taking a typical
peak density of 5 × 1013cm−3 these parameters give
the employed dimensionless two-dimensional density
of n = 125. Moreover, the considered scattering
lengths a
(c)
B and a
(c)
I are also well within the range of
experimentally accessible values and can be accurately
tuned via magnetic Feshbach resonances [65, 46, 66].
6. Conclusions
In conclusion, we have investigated the properties
of dipolar impurities immersed in a dipolar Bose
Einstein condensate. Starting from the Fro¨hlich
Hamiltonian for the two-dimensional condensate we
have determined the energy of the emerging polaron
as well as its effective mass and quasiparticle residue
to second order in the interaction strength. We
showed that dipolar interactions qualitatively affect
the properties of the polaron, which for example can
give rise to negative energy corrections due to quantum
fluctuations. While we have focussed here on impurity
interactions with a
(c)
I = a
(d)
I to ensure asymptotically
vanishing impurity interactions, W (k), the case of
a
(c)
I ≈ −2a(d)I appears to be particularly interesting
as it allows to suppress the mean field energy Emf ∼
a
(c)
I +2a
(d)
I . Similar to recent work on Bosonic mixtures
with pure contact interactions [67, 68] or dipolar
condensates [53, 54, 55], the competition between the
thereby reduced mean-field energy and E(2)(0) may
potential induce the formation of quantum droplets but
seeded by the impurity, which for multiple impurities
could cause structured or even ordered states to emerge
well outside the roton instability of the underlying
BEC. The observation of this effect as well as the
behavior predicted in the present work likely requires
strong interactions, calling for a strong-coupling for the
dipolar Bose-polaron. It may lead also to interesting
effects such as self-localisation of the polaron. In view
of the peculiar effects of the roton dispersion, touched
upon in this work, the nature of the emerging effective
interaction [69, 70, 71, 72, 26] between dipolar Bose
Ground-state properties of Dipolar Bose polarons 7
polarons suggests itself as an interesting question for
future work.
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